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Abstract: This article considers the analysis of experiment of repeated measures design that is used
frequently in different area of research. We used simulation study to investigate a common problem
that is more frequently researchers, assuming one of two correlated error model in analyzing repeated
measures design. This study evaluate the impact of restrict our options of covariance structure to the
two correlated error model options of the split-plot analysis approach and the unstructured analysis
approach by assessing the size and power of the tests of the fixed effects. The simulation results
show that overall, the right analysis approach provided the best power and in the same time it has
a very good control of the nominal Type I error rate for all the effects in both cases of balanced
and unbalanced data. The main result of our article is that overall the right analysis approach is
more powerful than the unstructured analysis approach when both the approaches yield satisfactory
Type I error control comparing to the split-plot analysis approach with the Kenward-Roger method.

Key words: Repeated Measures Design, Kenward-Roger method, Restricted maximum likelihood
(REML)

INTRODUCTION

The suitable analysis of a study is very important factor that contribute to the success of the study under
consideration. A poorly analyzed study can produce misleading or inaccurate results.

In repeated measures designs, many measurements are made on the same subject. Therefore they need
special attention, since in practice the observations within each subject are likely to be correlated. The
covariance structure of such observed data makes repeated measures design experiments data analysis different
from other factorial experiments. More frequently researchers, assuming one of the two following correlated
error structure with the mixed model:

e Independent errors model which assumes that all observations within a subject in a repeated measures
design, are equally correlated (compound symmetry condition). This assumption is not justifiable in most
typical repeated measures experiment. This approach is called split-plot analysis approach for analyzing
the repeated measures design. Huynh and Feldt® showed that conditions required for the usual analysis
of variance for repeated measures designs were less stringent than the compound symmetry condition.
Type-H structure for the covariance matrix of the repeated measures factor is required to have valid F-
test for repeated measures effect and the interactions involving the repeated measures effect with this
approach®™. Therefore, special methods of analysis are usually needed to accommodate the correlation
structure of the repeated measures when this assumption is not satisfied®.

e Unstructured correlated error model which is conceptually similar to the correlation structure assumed
when we use the unstructured multivariate approach (MANOVA) to analyze repeated measures data
because they are based on the same estimate of covariance structure. This approach is called unstructured
analysis approach for analyzing the repeated measures design. This approach has the advantage over the
split-plot approach in that it does not require any specific structure on the covariance matrix of the
repeated measures factor and it has the advantage over the MANOVA in that it does not ignore cases
where any of the repeated measurements are missing.

The MIXED procedure of the SAS System!' is a standard tool for analyzing correlated data. The

MIXED procedure of the SAS System allowed statisticians to utilize an inclusive array of correlated error

models. The MIXED procedure of the SAS System has different options for modeling the covariance structure
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of the experiments of repeated measures design. The MIXED procedure of the SAS System can be used to
develop either maximum likelihood (ML) or restricted maximum likelihood (REML) estimates in order to
complete the analysis of the experiments of repeated measures design. REML estimation is generally
preferred to ML and it is the default in The MIXED procedure. Therefore, it used to complete the analysis
in the simulation study. Because lot of effort is usually needed to decide what the suitable covariance
structure of the data is at the beginning of the statistical analysis, more frequently researchers assume one
of the two common correlated error models the split-plot analysis approach and the unstructured analysis
approach.

Our research objective is finding the impact of restrict our options of covariance structure to the two
options of the split-plot analysis approach and the unstructured analysis approach that are built up to most
“point and clack” statistical software. A simulation study was conducted to evaluate the impact of restrict our
options of covariance structure to the two options of the split-plot analysis approach and the unstructured
analysis approach by assessing the size and power of the tests of the fixed effects in both cases of balanced
and unbalanced data.

In general form, the mixed effects linear model can be written as!™'?l:

F=Xp+2ZU +e (1.1)
where:

p=pxl vector of fixed effects.

=g=xl vector of random effects.

g =mxl] vector of residuals.

X=nup design matrix for fixed effects.

Z=nng design matrix for random effects.

U ~Ni0,G) S MC0LE) ,

Y ~ N(XBV) V=ZGI'+ R
when V' is known, the best linear unbiased estimators (BLUE) of estimable functions hﬁ of the fixed
effects in (1.1) are given by

RE=R (XY XV, (1.2)

with  var(RB) =k (X VIX)7h (1.3)

In most applications ¥V is unknown. Therefore, It is estimated from the data where estimators based on
(1.2) are not generally BLUE!. Various procedures were proposed for testing hypotheses on fixed effects
in mixed models with unknown ¥, most of which assume that ¥ is estimated by the REML method®*'!,
The resulting estimates of fixed effects are often referred to as empirical BLUE (eBLUE). Standard error
estimates based on (1.3) are biased downwards when ¥ replaced by its estimate!'”. Fixed effects are estimated

based on (1.2), with ¥ replaced by a plug-in REML estimate. Null hypotheses of the form HD Zh~|3= Oire
tested by

B (XTI B R
e rank(F) Kot 0

when P"ﬂ'ﬂk[.’tﬂ il In general, the test statistics in (1.4) only have approximate F-distribution. The
approximate denominator degree of freedom v of F-distribution can be determined using one of the four
different methods implemented in MIXED procedure of SAS. The four methods of the approximations are
residual method, containment method (this is the default in MIXED), extended Satterthwaite!" method of
Giesbrecht and Burns®™ and Fai and Cornelius?!, and Kenward-Roger method!"". The Kenward-Roger method
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was considered in this paper for approximating the denominator degrees of freedom since Kenward and Roger
found good performance of their method across a number of designs!', and also, Guerin and Stroup
recommended using the Kenward-Roger method as standard operating procedure®.

MATERIALS AND METHODS

The following model reflects the basic experiment of repeated measures design which is a special case
of the mixed model (1.1):

Yor = toy tdy tr Hler), ey 2.1)
where =12, 1 =12 rik=112__a

p is an overall mean parameter; Ciy is the ith treatment main effect, d;; is the random effect associated

with the jth subject in the ith treatment main effect, assumed i.i.d N(D,D'zm-}, T; is the ith time main
effect, (DL’I:)!-k is the interaction between treatments and time, and Syt is within subjects errors associated
with the jth subject in the ith treatment main effect at the kth time effect. Within subjects errors are

potentially correlated. Therefore, the vector £. Is defined as follow &; = [E‘ g L. B ] ﬁmﬂuﬁ
where X is the covariance matrix among Fithe within the ijth subject. The vectors g5 are assumed to be
mutually independent. Also, dij, and Fiike are assumed to be independent. Alternatively, we can express model

(2.1) as cell mean model:
Vor = B + d{r + Siik 2.2)

where,i =12, 1 j=12, . mk=12 4 and My =0y + Tp + (D'*T:'z'.t Therefore, the vector ¥is
defined as follow ¥3 = [-yir'l Yz -:"’i:"a] Bl M{[H,Jﬂfmj +Z:I vhere p;is the vector of means

at kth time for the ith treatment, i.e. Py = [-"%1 Ha o ',Hjﬂ] A different covariance matrix structures
of X will be used to simulate correlated error models for the simulated experiment. The following
experimental design was consider because of its practical relevance. The design of the simulated experiment
is described below:

The treatments were arranged in a basic form of repeated measures design which consists of a completely
randomized experimental design with data collected in a sequence of equally spaced points in time. The
design of the simulated experiment is described in diagram 1, which consists of

f =3 treatments
n = (5 or 10) subjects per treatment level

a =7 repeated measures within each treatment level.

Diagram 1. Illustration of the design of the simulated experiment

Treatments Time

A 1 2 3 4 5 6 7
B 1 2 3 4 5 6 7
C 1 2 3 4 5 6 7

The repeated measures analyses for this design can be implemented by the following example SAS code:

PROC MIXED DATA = one;

CLASS treatment subject time;

MODEL y = treatment time treatment * time / ddfm = kr;
REPEATED time / type = UN subject = subject (treatment);
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An issue concerns the estimation of the variance-covariance components of G and R. In the repeated

measures design experiments, the general form of F(¥) =¥ = ZGZ°+ Ris block diagonal of Jﬂf%,- +Z. ,
with each block corresponding to a subject. When covariance structure of both the unstructured analysis
approach (Unstructured covariance structure) and the split-plot analysis approach (Compound Symmetry
covariance structure) are considered for X in the analyses, the component of £ contain the between subject

. 2 . . . .
variance (Cfmga,- ), since in case of the unstructured analysis approach, the unstructured covariance structure
is the most general one possible and in case of the split-plot analysis approach, the between subject variance

2 . . . . .
(Cfm._;&- ) and the constant correlation between observation on the ijth subject are confound. In this case,
model (2.1) reduces to

Yar = o trt(any ey (2.3)

where,i =12, 1, j=112 ¥ k=171 _a In other covariance structure, we will follow a typical strategy
that suggested dropping d; from model (2.2) and use model (2.3) instead in order to avoid non-convergence
problem that we experienced during our simulation. This action will give us the chance to assess the impact
of dropping d; from the model when it is required by theory.

The Simulation Study:

A simulation study of PROC MIXED’s mixed model analysis of repeated measures data was conducted
to evaluate the impact of restrict our options of covariance structure to the two options of the split-plot
analysis approach and the unstructured analysis approach in both cases of balanced and unbalanced data.
Unbalancedness (Missing Data) was generated by randomly dropping certain number of observations. In our
investigations, the evaluation of the analysis was in terms of control of Type I error, and the power of the
tests of the fixed effects from all the analyses. Kenward-Roger method was used for computing the
denominator degrees of freedom for the tests of fixed effects from all the analyses. In case of a valid
alternative hypothesis, the values of fixed effect used under the alternative are summarized in Table 1. Also,
the percentage of number of times that REML failing to converge with normal situation, where the PROC
MIXED procedure used REML without any interfering, was reported.

Table 1: The main effect of treatment, the main effect of time, and the interaction effect of treatment and time that were used in
the simulation study.

Levels of Time Effect

Levels of Treatment effect

1 2 3 4 5 6 7 Treatment Main effect
1 2 0 0 0 0 0 -2 0
2 0 0 0 0 0 0 0 0
3 1 0 0 0 0 0 -1 0
Time Main effect 1 0 0 0 0 0 -1

Correlated multivariate normal data were generated according to model (2.1). There were 24 scenarios
to generate data involving eight covariance structures with different settings of covariance matrix parameter
values for each covariance structure and two different sample sizes (n = 5 and 10 subjects per treatment).
The covariance structures were Compound Symmetry (CS), Heterogeneous Compound Symmetry (CSH), First-
Order Autoregressive (AR(1)), Heterogeneous First-Order Autoregressive (ARH(1)), Independent Errors (VC),
Banded Main Diagonal (UN(1)), Toeplitz (TOEP), and Unstructured (UN). The 12 settings of the covariance
matrix are given in Table 2 which can be categorized to eight covariance structures. The first one, (Setting
No. 1.1 and 1.2) represents Compound Symmetry (CS) covariance structure with different choices of
parameters. The second one, (Setting No. 2.1 and 2.2) represents First-Order Autoregressive (AR(1))
covariance structure with different choices of parameters. The third one, (Setting No. 3.1 and 3.2) represents
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Heterogeneous First-Order  Autoregressive  (ARH(1)) covariance structure with different choices of
parameters. The fourth one, (Setting No. 4.1 and 4.2) represents Heterogeneous Compound Symmetry (CSH)
covariance structure with different choices of parameters. The fifth one, (Setting No. 5.1) represents
Independent Errors (VC) covariance structure. The sixth one, (Setting No. 6.1) represents Banded Main
Diagonal (UN(1)) covariance structure. The seventh one, (Setting No. 7.1) represents Toeplitz (TOEP)
covariance structure. The eighth one, (Setting No. 8.1) represents Unstructured (UN) covariance structure. For
each scenario, we simulated 4000 datasets.

Table 2: The 12 settings of eight Covariance Matrix structures used in the Simulations
Setting No.  Covariance Matrix Setting No. Covariance Matrix

[1é 5 & & 5 § 3 [1é 115 L% 123 125 113 125
S L3 3 8 5 B 123 1 113 128 123 115 113
T 2 i 2oz % & 122 123 e 123 13 113 112
1.1 T 2 & Loz % B 1.2 122 122 1% 1 123 113 112
T % i i ¢ = 123 122 113 122 1e 1% 112
T % I L 122 1% 113 122 1% 1& 1=
|2 % = I 122 13 1% 122 13 112 Li
[1¢ = I B [ 1 122 10 S180 iS5k TIIEE 41004
T L2 o+ 1 1 o0rf 113 1i 1D5 102 Z19r  eShe TMIE
+ [ U B 1 1024 11z li 112 1M 1w CRAs T
2.1 1 ¢ 2 Li o204 1 2.2 1 L) 1132 1i 112 1M 1
1 I 4+ 3 LioE + CRAST 19 oM 1E 1i 113 1024
ar 1 o+ = i = TMMEORITRE Z1Rr oM 1E 1i 11z
joxs 0s 1 ) 4+ = Li L4 194304 TR G030 212 104 113 1d
[+ 3 LI 07T n4iTE o0l [+ tZ il Tl 4RI RIITII 4104
3 L] i 3@ 127 1311 07 3 2 2 Q0 RILE ZALE TIEE
1 i i 10 i ] 1 311 i Li Li 1956 14336 131072
3.1 113 3@ 1 15 11 37 3 32 311 i Li i3 * 1% 043
075 113 LIS S 1] 1 12 45002 R 1754 * iE EN N T
04375 13127 35 87 11 0 13 45375 Zaole 14336 214 34 0 Hz
| 02t [ AT 3 12 12 i L& 184304 TZi43 131071 2043 072 Hz i“
[+ 3 % 3 i 7z [+ 45 &4 5 94 112 125
3 9 & 731 9 IS5 12 308 R0 1D L4 LiZ 192
44 18 10 1 14 18 B4 20 18 16 101 214 1T
4.1 IO73 18 13 15 175 10 4.2 § 12 Li B ®» 13 n
[N S S T . ) S0 M4 101 M 0 33 334
TOoS 4 170 N 4m 1% 11 182 214 1% 330 49 HZ
= 1! 1& M M IZ i 122 192 54 3} 334 HI i
[1¢ 0 0 o 0 0 0 M+ o o 0 0 o 0
o 1 o 0 00 o 2 0 0 0 00
o 0 L oo 0 0 o0 0 0 0 0 00
5.1 o 0 0 i 0 0 0 6.1 L O I A
o 0 0 @ i 00 o0 0 0 o0 o0
o0 0 @ 0 1i00 00 0 0 0 420
jo 0 0 0 0 0 1: oo 0o 0 0 0
[1é 111 & &4 43 31 14 [+ B I 5] 3 4 7 o
11 1e 112 3 &+ 3 52 14 o i+ 13 7 73 WE
311 Lé 111 3 id 4E LRI S N 34100 174 4
7.1 i4 0 11! 18 11 = it 8.1 T 15 4 I 188 lids 92
#3064 0 112 Li 11 2 2 S R U L T s
31 O4% #4211 1¢ 112 TOOTEEOLMA Lidl 4ar 4 LM
Llé 32 42 &4 % 111 1: 426 105 @4 92 00 Lid i

SAS (Version 9.1) PROC IML code was written to generate the datasets according to the described design.
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We will consider a case when we have 3 subjects per treatment as an example to explain the process of
generating the datasets. A 9 7x1 vector of standard normal random deviates were generated using SAS’s
NORMAL function. Denoted the vector:

2y = [ B2y S Sy |

Where =123 ;7=1243 Note that the 9 represents the 3 subjects for each of the 3 treatments and the
7 represents the 7 levels of time effect within each of the 3 levels of treatment effect. Also, a 9 7x1 vectors,
standard normal deviates, of the random effect of the jth subject in the ith treatment d was generated as

d = D iy £ where the vector Z was generated using NORMAL function and Gfuga,- set to equal to one.
Then the 9 7x1 vectors of observation for model (2.2) were calculated as

1
¥i =d+Z7¢ i=113 j=1,1,3 where:

z2 is the Cholevsky decomposition of X, and

¥ is the covariance matrix of repeated measures effect “time”.
Therefore, the vector ¥is defined as follow in the context of the mixed model (2.2):
Vi = I:yﬁ'l Pige s _}?im:lx MV, B = Jﬂi@-+zj; where g, is the vector of means at kth time
for the ith treatment, i.e. Wy = [,{.{!1 M lﬂm] and Mg = Oy + Tp + (DL‘E:I!-I;: where
pFECE [ JENES ) R S . o et . |
RESULTS AND DISCUSSION

Results:
Results under the Null Hypothesis for Balanced Data:

Due to space limitations, we present only part of the total simulation results of the 24 scenarios.
The complete results are available from the author upon request. Table 3-5 summarizes results of the average
of the empirical Type I error rate across the 2 investigated settings of each covariance structure, when data
are simulated under the null hypothesis, for the eight covariance structure for the tests of fixed effects with
the two sample size. Table 3-5 indicates that the right analysis approach provided a very good control of the
nominal error probabilities for all the effects all across the eight covariance structure. Although the nominal
level was controlled well with the right analysis approach and the unstructured analysis approach, slightly
departures were observed with the split-plot analysis approach for certain covariance structure particularly for
sample size 5. As expected, control of the nominal error probability improved with increasing sample size.

Results under the Null Hypothesis for Unbalanced Data:

Table 6-8 indicates that the right analysis approach provided a very good control of the nominal error
probabilities for all the effects all across the eight covariance structure. Although the nominal level was
controlled well with the right analysis approach and the unstructured analysis approach, slightly departures
were observed with the split-plot analysis approach for certain covariance structure particularly for sample
size 5. As expected, control of the nominal error probability improved with increasing sample size.
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Table 3: Average of the Empirical Type I Errors across the two Investigated Covariance settings for Treatment Effect Under the Null
Hypothesis (nominal Type I error=0.05).

Sample Size: 5

The Eight Covariance Structure used to simulate the data
The Analysis Approach

CS CSH AR(1) ARH(1) VC UN(1) UN TOEP
Right model 0.053500 0.056875 0.056375 0.052875 0.05300 0.05450 0.0565 0.05575
Unstructured model 0.056000 0.055500 0.056750 0.053375 0.05375 0.05075 0.0565 0.05775
Split-plot model 0.053500 0.055500 0.056750 0.053375 0.05375 0.04900 0.0565 0.05775

Sample Size: 10

Right model 0.050125 0.052625 0.05575 0.050375 0.05175 0.05175 0.051 0.0540
Unstructured model 0.050125 0.051875 0.05275 0.051375 0.05150 0.05050 0.051 0.0525
Split-plot model 0.050125 0.051875 0.05275 0.051375 0.05150 0.05050 0.051 0.0525

Table 4:  Average of the Empirical Type I Errors across the two Investigated Covariance settings for Time Effect Under the Null
Hypothesis (nominal Type I error=0.05).

Sample Size: 5

The Eight Covariance Structure used to simulate the data

The Analysis Approach

CS CSH AR(1) ARH(1) vC UN(1) UN TOEP
Right model 0.052875 0.041250 0.044250 0.047125 0.05025 0.04350 0.05400  0.05150
Unstructured model 0.042500 0.045875 0.039750 0.044875 0.03925 0.04625 0.05400  0.03975
Split-plot model 0.052875 0.086625 0.076125 0.096000 0.05125 0.07225 0.08625  0.07700
Sample Size: 10
Right model 0.048250 0.049000 0.042750 0.049375 0.04975 0.04725 0.05000  0.04600
Unstructured model 0.046375 0.051625 0.049250 0.047625 0.04800 0.04875 0.05000  0.04900
Split-plot model 0.048250 0.084500 0.077125 0.092125 0.04925 0.07575 0.08325  0.07775
Table 5:  Average of the Empirical Type I Errors across the two Investigated Covariance settings for Interaction Effect Under the

Null Hypothesis (nominal Type I error=0.05).

Sample Size: 5

The Eight Covariance Structure used to simulate the data
The Analysis Approach

CS CSH AR(1) ARH(1) vC UN(1) UN TOEP
Right model 0.051500 0.049000 0.040375 0.050000 0.04925 0.04925 0.052 0.05525
Unstructured model 0.045125 0.049375 0.044500 0.050125 0.04550 0.04975 0.052 0.04425
Split-plot model 0.051500 0.097875 0.082375 0.107625 0.05100 0.07950 0.104 0.08425
Sample Size: 10
Right model 0.049750 0.043125 0.042875 0.040750 0.04475 0.04575 0.0510 0.05050
Unstructured model 0.047000 0.051375 0.047375 0.046750 0.05275 0.04900 0.0510 0.04825
Split-plot model 0.049750 0.087625 0.087750 0.107875 0.04550 0.07575 0.0935 0.08650

Table 6: Average of the Empirical Type I Errors across the two Investigated Covariance settings for Treatment Effect Under the Null
Hypothesis (nominal Type I error=0.05).

Sample Size: 5

The Eight Covariance Structure used to simulate the data
The Analysis Approach

cs CSH AR(1) ARH(1) vC UN(1) UN TOEP
Right model 0.053750 0.058500 0.0567500  0.050875 0.05125 0.05400 0.05575  0.05450
Unstructured model 0.053375 0.057375 0.0547431  0.053875 0.05725 0.05275 0.05575  0.05925
Split-plot model 0.053750 0.053375 0.0550000  0.052000 0.05500 0.05275 0.05500  0.05775
Sample Size: 10
Right model 0.049500 0.05275 0.055875 0.049625 0.05300 0.05075 0.05025  0.05300
Unstructured model 0.050250 0.051650 0.0532500 0.051750 0.05150 0.04800 0.05025  0.05050
Split-plot model 0.049500 0.048125 0.0536250  0.048625 0.05275 0.04575 0.04950  0.05225
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Table 7: Average of the Empirical Type I Errors across the two Investigated Covariance settings for Time Effect Under the Null
Hypothesis (nominal Type I error=0.05).

Sample Size: 5

The Eight Covariance Structure used to simulate the data

The Analysis Approach

CS CSH AR(1) ARH(1) vC UN(1) UN TOEP
Right model 0.054875 0.045000 0.04400 0.050750 0.05100 0.04725 0.062 0.05375
Unstructured model 0.045625 0.049375 0.04850 0.049500 0.04850 0.04275 0.062 0.04600
Split-plot model 0.054875 0.082500 0.07675 0.091875 0.05075 0.07200 0.082 0.07775
Sample Size: 10
Right model 0.051125 0.047750 0.043500 0.048750 0.05150 0.04900 0.061 0.04850
Unstructured model 0.053125 0.053625 0.052500 0.052000 0.05125 0.04950 0.061 0.05225
Split-plot model 0.051125 0.077875 0.075125 0.086000 0.05000 0.07300 0.076 0.07550

Table 8: Average of the Empirical Type I Errors across the two Investigated Covariance settings for Interaction Effect Under the Null
Hypothesis (nominal Type I error=0.05).

Sample Size: 5

The Eight Covariance Structure used to simulate the data
The Analysis Approach

CS CSH AR(1) ARH(1) vC UN(1) UN TOEP
Right model 0.051125 0.049000 0.040625 0.048625 0.04775 0.05175 0.06850  0.06200
Unstructured model 0.045625 0.054500 0.049750 0.053250 0.05025 0.04450 0.06850  0.04925
Split-plot model 0.051125 0.091750 0.082500 0.103875 0.05100 0.08100 0.09550  0.08475

Sample Size: 10

Right model 0.050375 0.042875 0.042125 0.044000 0.04775 0.05000 0.05775  0.05150
Unstructured model 0.050125 0.052750 0.048250 0.049375 0.05275 0.05475 0.05775  0.05000
Split-plot model 0.050375 0.080875 0.089125 0.101125 0.04800 0.06900 0.08125  0.0885

Results under the Alternative Hypothesis for Balanced Data:

Table 9-11 showed that overall the empirical powers were highest for the right analysis approach for all
effects. Also, they showed that the empirical power was higher for the split-plot analysis approach comparing
to the unstructured analysis approach for certain covariance structure particularly for sample size 5 due to
their higher Type I error rates. As expected, the empirical power improved with increasing sample size.

Results under the Alternative Hypothesis for Unbalanced Data:

Table 12-14 showed that overall the empirical powers were highest for the right analysis approach for
all effects. Also, they showed that the empirical power was higher for the split-plot analysis approach
comparing to the unstructured analysis approach for certain covariance structure particularly for sample size
5 due to their higher Type I error rates. As expected, the empirical power improved with increasing sample
size.

Table 15 showed the average percentage number of times across the investigated settings of covariance
structure that the PROC MIXED procedure failing to converge when the PROC MIXED procedure used
REML without any interfering for the balanced data.

The result in table 15 indicted that the percentages of number of times that the PROC MIXED Procedure
failing to converge when the PROC MIXED Procedure used REML without any interfering were much higher
for the unstructured covariance matrices which may be due to the large number of parameters for this
structure comparing to the other structures.

Finally, Table 16 showed the average percentage number of times across the investigated settings of
covariance structure that the PROC MIXED procedure failing to converge when the PROC MIXED procedure
used REML without any interfering for the unbalanced data.

The result in table 16 indicted that the percentages of number of times that the PROC MIXED Procedure
failing to converge when the PROC MIXED Procedure used REML without any interfering were much higher
for the unstructured covariance matrices which may be due to the large number of parameters for this
structure comparing to the other structures. Also, the results in table 15 and 16 may suggest that the
convergence problem could be more serious in the case of the unbalanced data comparing to the balanced
data.
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Table 9: Average of the Empirical Power across the two Investigated Covariance settings for Treatment Effect Under the Alternative
Hypothesis.

Sample Size: 5

The Eight Covariance Structure used to simulate the data

The Analysis Approach

CS CSH AR(1) ARH(1) \Y© UN(1) UN TOEP
Right model 0.053500 0.056875 0.056375 0.052875 0.05300 0.05450 0.0565 0.05575
Unstructured model 0.053500 0.055500 0.05675 0.053375 0.05375 0.05275 0.0565 0.05775
Split-plot model 0.053500 0.055500 0.05675 0.053375 0.05375 0.05275 0.0565 0.05775
Sample Size: 10
Right model 0.050125 0.052625 0.05575 0.049750 0.05175 0.05175 0.0510 0.05400
Unstructured model 0.050125 0.051875 0.05275 0.051375 0.05150 0.05050 0.0510 0.05250
Split-plot model 0.050125 0.051875 0.05275 0.051375 0.05150 0.05050 0.0510 0.05250

Table 10: Average of the Empirical Power across the two Investigated Covariance settings for Time Effect Under the Alternative
Hypothesis.

Sample Size: 5

The Eight Covariance Structure used to simulate the data
The Analysis Aapproach

CS CSH AR(1) ARH(1) vC UN(1) UN TOEP
Right model 0.402375 0.211500 0.220625 0.227500 0.13500 0.13600 0.93650  0.21600
Unstructured model 0.221375 0.146375 0.14100 0.149500 0.08300 0.09700 0.93650  0.13125
Split-plot model 0.402375 0.187500 0.22825 0.158375 0.13450 0.11200 0.14400  0.23250
Sample Size: 10
Right model 0.701625 0.488250 0.477875 0.498125 0.20725 0.29650 0.90650  0.43750
Unstructured model 0.608500 0.428000 0.401875 0.430000 0.20050 0.26200 0.90650  0.36475
Split-plot model 0.701625 0.312500 0.412875 0.227375 0.24975 0.16425 0.20675  0.41450

Table 11: Average of the Empirical Power across the two Investigated Covariance settings for Interaction Effect Under the Alternative
Hypothesis.

Sample Size: 5

The Eight Covariance Structure used to simulate the data

The Analysis Aapproach

cs CSH AR(1) ARH(1) vC UN(1) UN TOEP
Right model 0.196875 0.105750 0.104000 0.108125 0.08050 0.08225 0.72725  0.11175
Unstructured model 0.113625 0.083875 0.079875 0.085500 0.05750 0.06450 0.72725  0.07425
Split-plot model 0.196875 0.143125 0.147125 0.139250 0.08125 0.10025 0.12950  0.14475
Sample Size: 10
Right model 0.401625 0.233750 0.218125 0.233500 0.1040 0.14325 0.90075  0.20425
Unstructured model 0.320250 0.206125 0.194375 0.204125 0.1060 0.12750 0.90075  0.17325
Split-plot model 0.401625 0.194375 0.221500 0.160750 0.1210 0.11125 0.15100  0.22300

Table 12: Average of the Empirical Power across the two Investigated Covariance settings for Treatment Effect Under the Alternative
Hypothesis.

Sample Size: 5

The Eight Covariance Structure used to simulate the data
The Analysis Approach

CS CSH AR (1) ARH (1) VC UN () UN TOEP
Right model 0.053750 0.058500  0.05675 0.050875 0.05125 0.05400 0.0562359 0.05450
Unstructured model 0.053375 0.057250 0.05475 0.053750 0.05725 0.05075 0.0562359 0.05925
Split-plot model 0.053750 0.053375  0.05500 0.052000 0.05500 0.04900 0.0550000 0.05775
Sample Size: 10
Right model 0.04950 0.05275 0.055875  0.049625 0.05300 0.05075 0.0502500 0.05300
Unstructured model 0.05025 0.051625  0.053250  0.051750 0.05150 0.04800 0.0502500 0.05050
Split-plot model 0.04950 0.048125  0.053625  0.048625 0.05275 0.04575 0.0495000 0.05225
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Table 13: Average of the Empirical Power across the two Investigated Covariance settings for Time Effect Under the Alternative
Hypothesis.

Sample Size: 5

The Eight Covariance Structure used to simulate the data
The Analysis Approach

CS CSH AR(1) ARH(1) VC UN(1) UN TOEP
Right model 0.38500 0.204625 0.214875 0.223250 0.13475 0.13550 0.57725  0.2050
Unstructured model 0.19325 0.125250 0.12600 0.128750 0.07975 0.08925 0.57725  0.1175
Split-plot model 0.38500 0.178125 0.22025 0.149875 0.13700 0.11000 0.13325  0.2250

Sample Size: 10

Right model 0.67750 0.457375 0.44500 0.463375 0.19250 0.27900 0.72850  0.4100
Unstructured model 0.48725 0.384875 0.36475 0.379625 0.19125 0.23425 0.72850  0.3370
Split-plot model 0.67750 0.291875 0.39075 0.214625 0.23400 0.14925 0.18750  0.3930

Table 14: Average of the Empirical Power across the two Investigated Covariance settings for Interaction Effect Under the Alternative
Hypothesis.

Sample Size: 5

The Eight Covariance Structure used to simulate the data

The Analysis Approach

CS CSH AR(D) ARH(1) VC UN(1) UN TOEP
Right model 0.183375 0.10275 0.101875 0.107750 0.07875 0.08125 0.38975  0.12075
Unstructured model 0.098875 0.081500 0.076000 0.079875 0.06350 0.06600 0.38975  0.07200
Split-plot model 0.183375 0.178125 0.139625 0.129500 0.08150 0.09450 0.12475  0.14075
Sample Size: 10
Right model 0.363000 0.216625 0.201125 0.216125 0.10025 0.13225 0.70750  0.18525
Unstructured model 0.284625 0.190375 0.191250 0.180750 0.10425 0.12425 0.70750  0.15100
Split-plot model 0.368000 0.174375 0.212125 0.148375 0.11400 0.09825 0.13500  0.30225

Table 15: The Percentage of number of times that the PROC MIXED Procedure failing to Converge when the PROC MIXED
Procedure used REML without any interfering across the two Investigated Covariance settings of each Covariance structure.
Sample Size: 5

The Eight Covariance Structure used to simulate the data

The Analysis Approach

CS CSH AR(1) ARH(1) VvC UN(1) UN TOEP
Right model 0% 0% 0% 0% 0% 0% 5.3% 0%
Unstructured model 0% 0% 0% 0% 0% 0.58% 5.3% 0%
Split-plot model 0% 0% 0% 0% 0% 0% 0% 0%
Sample Size: 10
Right model 0% 0% 0% 0% 0% 0% 12.1% 0%
Unstructured model 0% 0% 0% 0% 0% 0% 12.1% 0%
Split-plot model 0% 0% 0% 0% 0% 0% 0% 0%

Table 16: The Percentage of number of times that the PROC MIXED Procedure failing to Converge when the PROC MIXED
Procedure used REML without any interfering across the two Investigated Covariance settings of each Covariance structure.
Sample Size: 5

The Eight Covariance Structure used to simulate the data

The Analysis Approach

CS CSH AR(1) ARH(1) VvC UN() UN TOEP
Right model 0% 0% 0% 0% 0% 0% 42.23% 0%
Unstructured model 6.42% 5.83% 5.355% 5.265% 0.65% 0% 42.23% 4.48%
Split-plot model 0% 0% 0% 0% 0% 0% 0% 0%

Sample Size: 10

Right model 0% 0% 0% 0% 0% 0% 33.8% 0%
Unstructured model 0.075% 0.14% 0.075% 0.14% 0% 0% 33.8% 0.03%
Split-plot model 0% 0% 0% 0% 0% 0% 0% 0%

Conclusion:

In our simulation, we considered repeated measure design, looking at the impact of restrict our options
of covariance structure to the two options of the split-plot analysis approach and the unstructured analysis
approach in both cases of balanced and unbalanced data. Overall, the right analysis approach provided the
best power and in the same time it has very good control of the nominal Type I error rate for both cases
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of balanced and unbalanced data. Thus, this approach can be recommended to be used in both cases of
balanced and unbalanced data with the Kenward- Roger method. The main result of our article is that the
right analysis approach is superior in term of power comparing to the unstructured analysis approach when
both the approaches yield satisfactory Type I error control with advantage of no convergence problem exist
for the right analysis approach in both cases of balanced and unbalanced data. The no convergence problem
with the unstructured analysis approach getting worse in case of unbalanced data comparing to case of
balanced data for both the sample sizes. In addition, the empirical power was higher for the split-plot analysis
approach comparing to the unstructured analysis approach for certain covariance structure due to their higher
Type I error rates. As expected, overall the empirical powers were higher for the balanced data comparing
to the unbalanced data for all the approaches when the powers improved for both cases of balanced and
unbalanced data with increasing sample size.
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