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Abstract: The problem of many hypotheses testing for a model consisting of L>2 hypotheses on
Markov chain is studied. This problem was introduced by Dobrushin  In march 1987 at the seminar
in the Institute of  Problems of Information Transmission of the Academy of Science of the USSR.
We apply large deviations techniques (LDT) and the method of types to the empirical distributions
of finite states of Markov chain. It is proved that this method of investigation in solving the problem
of logarighmically asymptotically optimal (LAO) hypotheses testing is easier than with the procedure
that was introduced by Haroutunian (1988) and gives identical results. The matrix of exponents

                     of probabilities for the optimal ф tests is|{ }, , 1,l mE E m l L= = | |
1( ) lim log ( ),l m l m NN

E
N

φ α φ
→∞

= −

determined, where                      for  is the probability to accept the hypothesis  when the| ( )N
l m Nα φ l m≠

hypothesis m  is true.

Key Words: Large Deviation Techniques (LDT),  Markov chain, irreducible transition matrics,
Logarithmically asymptotically optimal (LAO), hypotheses testing, reliability matrix,
Exponents of probability

INTRODUCTION

Application of information-theoretical methods in mathematical statistics are reflected in the monographs
by Blahut (1947), Kullback (1959), Csiszár and Körner (1981), Zeituoni and Gutman (1991), Csiszár and
shields (2004).

Many papers have been devoted to the study of exponential decrease of the error probabilities  of the( )
1

Nα
first kind and  of the second kind of the optimal tests for two simple statistical hypotheses as the sample( )

2
Nα

size N goes to infinity. Similar problems for Markov dependence of experiments were investigated by Natarajan
(1985) and Haroutunian (1988).

In the book of Csiszár and Shields (2004) for independent identically distributed observations different
asymptotical aspects of two hypotheses testing are considered via theory of large deviations.

In this paper we solve the problem purposed by Dubrushin  for the optimal tests to describe the matrix
of exponents   of probabilities , where for  is the probability|{ }, , 1 ,l mE E m l L= = | |exp ( )N

l m l mNEα ≈ − |
N
l mα l m≠

of accepting hypotheses l, when hypotheses m is ture, for finite state of Markov chain to LAO hypotheses
testing by application of LDT. We solve this problem easier and shorter than procedure that was introduced
by Haroutounian (1988). In the next Section we express notations, basic concepts of large deviation principle
and the method of types. In Section 3 we present a theorem of LDT for Markov chain and results for
hypotheses testing. Some remarks will be presented in section 4.

Preliminaries:
In this paper we use exp-s and log-s at base 2. We also consider the standard convention that :

0 log 0 = 0, ,  if a >0.
00log 0
0
= log

0
αα = ∞

In the sequel we present notation of measures of information and some identities and the ideas of the method
of types.
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In this paper finite sets are considered, which are denoted by x,u...... The size of the set x is denoted by |x|.
Random variable (RVs) with value for x,u..... are denoted by X, Y..... probability distributions (PDs) we denote
by Q,P,V,W,PV,POV,...... . Let PD of RV X be P={P(x), x ε x}. 
The conditional probability distributions of random variable Y for given value x is

 , { ( | ),V V y x= x χ∈ }y μ∈

The joint PD of RV and  is  X Y { ( , ) ( ) ( | ),PoV PoV x y P x V y x= = , }.x yχ μ∈ ∈
And the marginal PD of RV Y is  { ( ) ( ) ( | ),

x
PV PV y P x V y x

χ∈

= =∑ }.y μ∈

The entropy of RV Y with PD PV is

, ( ) ( ) log ( ).P V
y

H Y PV y PV y
μ∈

= −∑
The conditional entropy of RV Y with PD PV,

,,
,

( | ) ( ) ( | ) log ( | )P V
x y

H Y X P x V y x V y x
χ μ∈ ∈

= − ∑

The informational  divergence of PD P and PD Q onis x ,
( )( || ) ( ) log
( )x

P xD P Q P x
Q xχ∈

=∑
And for informational conditional divergence of PD PoV and PD PoW on , where χ μ× { ( | ),W W y x=

is, }x yχ μ∈ ∈

.

,

( || ) ( || | )
( | )( ) ( | ) log
( | )x y

D PoV PoW D V W P
V y xP x V y x
W y xχ μ∈ ∈

= =

∑

Therefore:

( || ) ( || ) ( || | ).D PoV QoW D P Q D V W P= +

The type P for a sequence (or vector) is a PD ,1( ,...., ) N
Nx x x χ= ∈ 1{ ( ) ( | ), }P P x N N x x x χ−= = ∈

where   is the number of repetition of symbol  among .( | )N x x x 1,...., Nx x
The idea of the method of type is to partition the sets of all N- length sequences into classes according

to its empirical distributions (types).

The joint type of  and  is the PD , whereNx χ∈ Nμ∈ { ( , | , ) / ,N x y x y N x χ∈ }y μ∈ ( , | , )N x y x y
is the number of occurrences of symbols pair  in the  pair of vectors . In other word, joint type is( , )x y

the  type of the sequence , , …,  from  . We say that the conditional( , )x y 1 1( , )x y 2 2( , )x y ( , )N Nx y ( )Nχ μ×

type of  for given  is PD V=    if   fory x { ( | ),V y x ,x χ∈ }y μ∈ ( , | , ) ( | ) ( | )N x y x y N x x V y x=
all . The set of all PD on  is denoted by  and the subset of  consisting of,x yχ μ∈ ∈ χ ( )P χ ( )P χ

the possible type of sequences  is denoted by . The set of vectors of type P is denotedNx χ∈ ( )NP χ x
by  for PD . The set of all sequences  of conditional type V for, (N N

P PT T φ= ( ))NP P χ∉ Ny μ∈

given  is denoted by  and called V-shell of . The set of all possible V-shells forN
Px T∈ , ( | )N

P VT Y x x x
of type P is denoted by .( , )NV Pμ
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The  properties of types are formulated below (Csiszár and Körner (1981) and Csiszár (1998) ):
( 1 )| || || ( , ) | ( 1)NV P N χ μμ < +

For any conditional type V and ,N
Px T∈

  (2)
| || |

,

, ,

( 1) exp{ ( | )}

( | ) exp{ ( | )}.
P V

N
P V P V

N NH Y X

T Y x NH Y X

χ μ−+ <

≤

For any conditional type V and ,N
Px T∈

  (3)
| || |

,

( 1) exp{ ( || | )}

( ( | )) exp{ ( || | )}.N N
P V

N ND V W P

Q T Y x ND V W P

χ μ−+ − <

≤ −

Let , then, ( | )N
P Vy T Y x∈

.                    (4),( | ) exp{ ( ( | ) ( || | ))}N
P VW y x N H Y X D V W P= − +

3. Problem Statement and Formulation of Results:

Let   be vectors of observed states0 1 2( , , ,...., ),Nx x x x x= {1,2,...., },nx Iχ∈ = 1, 0,1,2,.....,Nx Nχ +∈ =
of simple homogeneous stationary Markov chain with finite number I of states. The L hypotheses concern
the irreducible matrices of the transition probabilities

    { ( | ),l lP P j i= 1, ,i I= 1, },j I= 1, .l L=

The stationarity of the chain provides existence foe each  of the unique stationary distributions 1,l L=

, such that     { ( ),l lQ Q i= 1, },i I= 1,l I= ( ) ( | ) ( ),l l l
i

Q i P j i Q j=∑ ( ) 1,l
i

Q i =∑ 1, ,i I= 1, .j I=

We define the joint distributions ,l lQ oP

,  } { ( , ) ( ) ( | )l l l l l lQ oP Q oP i j Q i P j i= = 1, ,i I= 1,j I= 1, .l L=

The second order type of vector  the square matrix of  relative frequencies of the simultaneousx 2I
appearance on the pairs of neighbor places of the states i and j is  . It is clear1{ ( , ) ,N i j N − 1, ,i I= 1, }j I=

that . Denote  the set of vectors from  which have the type such that for some
,

( , )
i j

N i j N=∑ N
QoPT 1Nχ +

joint  probability distribution    .QoP ( , ) ( ) ( | ),N i j NQ i P j i= 1, ,i I= 1,j I=

Note that if the vector , thenN
QoPx T∈

 ( , ) ( ),
j

N i j NQ i=∑ 1, ,i I=
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( , ) ( ),
i

N i j NQ i′=∑ 1, .j I=

For somewhat different PD Q, but in accordance with the definition of N (i,j),

| ( ) ( ) | 1,NQ i NQ i′− ≤ 1, .i I=

Now for , the distribution Q coincides with Q` and may be taken as stationary for conditionalN →∞
probability distribution P:

  .( ) ( | ) ( ),
i

Q i P j i Q j=∑ j χ∈

Note that for  the probability of  from  can be written as .1,l L= x N
QoPT ( ) ( | )

0
,

( ) ( ) ( | )N NQ i P j i
l l l l

i j

Q oP x Q x P j i= ∏

We shall use the following definition of the probability of the vector  of the Markov chain with1Nx χ +∈
transition probabilities  and stationary distribution  ,lP lQ

0 1
1

( ) ( ) ( | ),
N

N
l l l l n n

n

Q oP x Q x P x x −
=

≡ ∏ 1, ,l I=

( ) ( ),N N
l l l l

x A

Q oP A Q oP x
∈

≡∪ 1.NA χ +⊂

By means of non-randomized test  on the bases of the trajectory of the N+1( )N xφ 0 1( , ,...., )Nx x x x=

observations, the test accepts one of the hypotheses .,lH 1,l L=

Let us denoted  the probability to accept the hypotheses  in the  condition that the( )
/ ( )N

l m Nα φ lH ,mH
, is true. For  we denote  the probability to reject the hypotheses  . It is clearm l≠ l m= ( )

/ ( )N
m m Nα φ mH

that

                    (5)( ) ( )
/ /( ) ( ),N N

m m N l m N
l m

α φ α φ
≠

=∑ 1, .m L=

This probability is called the error probability of the m-th kind of the test . To every trajectory  theNφ x
determined test  puts in correspondence one from L hypotheses. So the space is divided into Nφ

1Nχ +

parts

{ , ( ) },N
l Ng x x lφ= = 1, ,l L=

and

   ./ ( ) ( ),l m N m m lQ oP gα φ = ,m 1,l L=
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Denot / /
1( ) lim log ( ),l m l m NN

E
N

φ α φ
→∞

= −

.                               (6),m 1,l L=

The matrix  ,  } we call the reliability matrix of the tests sequence ./{ ,l mE E= 1,m L= 1,l L= ϕ
Note that from definitions (5) and (6) it follows that         (7)/ /min .m m l ml m

E E
≠

=

Definition:

 The test sequence is called LAO if for a given family of  , the*
1 2( , ,...)φ φ φ= 1/1 2/ 2 1/ 1, ,..., L LE E E − −

reliability matrix contain in the diagonal these numbers and the remained  components take the2 1L L− +
maximal possible values.
Let be an irreducible matrix of transition probabilities of some stationary Markov chain with{ ( | )}P P j i=

the set  of states, and  be the corresponding stationary PD.χ { ( ),Q Q i= 1, }i I=
Let us define the decision  rules by the sets

       (8)/{ : ( || ) },l l l lR QoP D QoP QoP E≡ ≤ 1, 1,l L= −

 ./{ : ( || ) ,L l l lR QoP D QoP QoP E≡ > 1, 1}l L= −

And introduce the functions:

  *
/ / /( ) ,l l l l l lE E E≡ 1, 1,l L= −

  ,  *
/ /( ) inf ( || ),

l
l m l l mQoP R

E E D QoP QoP
∈

≡ 1, ,m L= l m≠ 1, 1,l L= −

,   (9)*
/ / /( ,..., ) inf ( || ),

L
L m l l L l L l mQoP R

E E E D QoP QoP− − ∈
≡ 1, 1m L= −

* *
/ / / /1, 1

( ,..., ) min .L L l l L l L l l Ll L
E E E E− − = −

≡

Theorem 1 :
Let  be the set of  states of the finite stationary Markov chain possessing an irreducible{1,2,...., }Iχ =
transition matrix  and A be a set of joint distributions  such that its closure is equal to the( )P χ QoP
closure of its interior, then for the empirical distribution  of a vector  from a strictly positive( )NQoP x x
distributions on  :m mQ oP χ

.

1lim log ( : ( ) )

inf ( || )

N
m mN

mQoP A

Q oP x QoP x A
N

D QoP QoP
→∞

∈

− ∈ =
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Proof: Let , by the upper bound (3) and  (4),( )N NA A P χ≡ ∩

( ( ) ) ( )
N

N N N
m m N m m QoP

QoP A

Q oP QoP x A Q oP T
∈

∈ = ∪

 ( )
( )

( )N N
m m QoP x

QOP x

Q oP T ≤∑
( )

exp{ ( ( || ) (1))},
N

m
QoP x A

N D QoP QoP o
∈

= − +∑

where ,1(1) max(| log ( ) |: ( ) 0)m mo N Q i Q i−= >

.
2| |

( )
( 1) exp{ inf ( ( || ) (1))}x

mQoP x A
N N D QoP QoP o

∈
≤ + − +

And also, by lower bound of (3), (4),

( )
( )

( )
N

N N
m m QoP x

QoP x A

Q oP T
∈

≥∑ ( )
( )

( )
N

N N
m m QoP x

QoP x A

Q oP T
∈

≥∑
.

2| |

( )
( 1) exp{ inf ( ( || ) (1))}x

mQoP x A
N N D QoP QoP o

∈
≥ + − +

Since  ,  , also  is continuous in ,
21 | |lim log( 1) 0x

N
N N−

→∞
+ = ,N →∞ (1) 0o → ( || )mD QoP QoP mQoP

the hypotheses on A implies that  is arbitrarily close to 
( )
inf

NQoP x A∈
( || )mD QoP QoP

 if N is large. We know that for the set A relation is true, by using 
( )

inf
QoP x A∈

( || )mD QoP QoP oA A=

the charactric properties of infimum, the proof is complete.
Now we explain application of Theorem 1 in hypotheses testing.
With assumption A=R1 in Theorem 1 and relations (8), (9) we have

               (10)

*
/

( )

1 1lim log ( ) lim log ( )

inf ( || )
l

N N
l m N m lN N

mQoP x R

QoP R
N N

D QoP QoP

α φ
→∞ →∞

∈

− = − =

Using the  notation  when , where , for ,1 2
N Ny y≈ 1 2( ) ( )N N

Ng y g y ε= + 0Nε → N →∞
Now using (10) we can write  (11)*

/ ( ) inf ( || )
l

l m mQoP R
E D QoP QoPφ

∈
≈

Therefore the value of:

                                         (12)

*
/

*
/

( ) exp( inf ( || ))

exp( ( ))
l

l m N mQoP R

l m N

N D QoP QoP

NE

α φ

φ
∈

≈ −

≈ −

In fact the error probability  still goes to zero with exponential rate  for / ( )l m Nα φ inf ( || )
l

mQoP R
D QoP QoP

∈
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 not in the set of Rl.m mQ oP

Theorem 2 : Let  be fix finite set a family of different distributions  the following twoχ 1,....., LP P
statements hold: if the positive finite numbers  satisfy conditions:1/1 1/ 1,....., L LE E − −

 (13)1/1 10 min[inf ( || ),
mQ m m mE D Q oP Q oP< < 2, ],m L=

  *
/ / /0 min[ ( ),l l l m m mE E E< < 1, 1,m L= −

inf ( || ),
mQ m m m lD Q oP Q oP 1, ],m l L= + 2, 1,l L= −

then:

There exists a LAO sequence of tests , the reliability matrix of which  is defined in*
Nφ * * *

/{ ( )}m lE E ϕ=

(9), and all elements  of it are positive.*
/m mE

Even if one of conditions (13) is violated, then the reliability matrix of on arbitrary test necessarily has an
element equal to zero, (the corresponding error probability does not tend exponentially to zero).

Proof: First we remind that , for , because all measures Pl , , , are( || ) 0m m m lD Q oP Q oP > l m≠ 1,l L=
distinct. Now we prove the sufficiency of the conditions (13). Consider the following sequence of tests *φ
given by the sets

, . (14)
N
l

N N
l QoP

QoP R

Tβ
∈

= ∪ 1,l L=

The sets  satisfies conditions to give test, by means:,N
lβ 1, \l L=

 N N
l mB B φ=∩ ,l m≠

and

1

.
L

N N
l

l

β χ
=

=∪

Now we  show that the exponent  for sequence of test  defined in (14) is not less than*
/ ( )m mE φ *φ

. We know from relations (2), (3) and (4),/m mE

,
| | exp{ ( ) ( | ) log ( | )},N

QoP
i j

T N Q i P j i P j i≈ − ∑

And

 ( ) exp{ ( ( || ))},N N
m m QoP mQ oP T N D QoP QoP≈ − 1,m L=
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According to application of Theorem 1 in hypotheses testing we can write,

,*
/ /( ) exp{ }N

m m m mNEα ϕ ≈ −

and

 * *
/ / /( ) exp{ ( )},N

l m l m l lNE Eα φ ≈ − 1, 1,l L= − 1, ,m L= m l≠
 .* *

/ / / 1/ 1( ) exp{ ( ,...., )},N
L m L m l l L LNE E Eα ϕ − −≈ − 1,l L=

Using (13) and (8) and (9) we can see that all are strictly positive. The proof of part (a) will be*
/l mE

finished if one demonstrate that the sequence of the test  is LAO, that is, at given finite *φ

 for any other sequence of test / 1/ 1,....,l l L LE E − −
**φ

 * ** * *
/ /( ) ( ),l m l mE Eφ φ≤ , 1,m l L=

For this purpose it is sufficie to see that the sequence of tests asymptotically does not became better if the

sets will not be union of some number of whole types  . In other words, if a test   isN
mβ

N
QoPT **φ

defined, for example, by sets  and, in addition,  is such that ,1 ,...,N N
Lg g QoP 0 | | | |N N N

l QoP QoPg T T< ≈∩
SinceGN

I nonempty intersection with T , then the test  will not became worse if instead of(x)N
Qo P

**ϕ

the set GN
I one takes  . Finally we prove the necessity of the condition (13). It is just(x)N N

l QoPG T⊃
now shown that if the sequence of the tests is LAO, then it can be given by sets of (14) form. But the
non fulfillment of the conditions (13) is equivalent either to violation of (7), or to equality to zero some of

given in (13), and this again contradicts with (7) because  must be positive.*
/l mE / ,m mE 1, 1m L= −

Remarks:
After the change of hypotheses enumeration the theorem remains valid with corresponding  changes in

conditions (13) .
Instead of the diagonal elements of the reliability matrix it is possible to give finite values to the one

arbitrary element in each of the first L!1 columns. The assumption of equalities in (9) as equations, and
taking into account the monotone decrease and continuity, when they are finite, of function, defined in (9),

it is possible to find a unique  for given  , . It is not difficult to reestablish the|l lE |m lE 1, 1l L= −
compatibility conditions, in which matrix E has all positive elements. For further computation of the

reliability matrix elements it will be necessary to replace the infinite values of the obtained by |l lE
arbitrary large, but finite ones .
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