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Abstract: The problem of many hypotheses testing for a model consisting of L>2 hypotheses on
Markov chain is studied. This problem was introduced by Dobrushin In march 1987 at the seminar
in the Institute of Problems of Information Transmission of the Academy of Science of the USSR.
We apply large deviations techniques (LDT) and the method of types to the empirical distributions
of finite states of Markov chain. It is proved that this method of investigation in solving the problem
of logarighmically asymptotically optimal (LAO) hypotheses testing is easier than with the procedure
that was introduced by Haroutunian (1988) and gives identical results. The matrix of exponents

E={E}.m.l =1,L  of probabilities for the optimal ¢ tests Em(#)= ’l‘im —ﬁlog & Py)» s

determined, where alr‘\'m( @) |#m for is the probability to accept the hypothesis ~ when the
hypothesis m is true.
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INTRODUCTION

Application of information-theoretical methods in mathematical statistics are reflected in the monographs
by Blahut (1947), Kullback (1959), Csiszar and Korner (1981), Zeituoni and Gutman (1991), Csiszar and
shields (2004).

Many papers have been devoted to the study of exponential decrease of the error probabilities a™ of the
first kind and (™ of the second kind of the optimal tests for two simple statistical hypotheses as the sample
size N goes to infinity. Similar problems for Markov dependence of experiments were investigated by Natarajan
(1985) and Haroutunian (1988).

In the book of Csiszar and Shields (2004) for independent identically distributed observations different
asymptotical aspects of two hypotheses testing are considered via theory of large deviations.

In this paper we solve the problem purposed by Dubrushin for the optimal tests to describe the matrix
of exponents E={E },m,I =1, L of probabilities a,"\'m ~exp(—NE,,,), where ), for | #M is the probability
of accepting hypotheses |, when hypotheses m is ture, for finite state of Markov chain to LAO hypotheses
testing by application of LDT. We solve this problem easier and shorter than procedure that was introduced
by Haroutounian (1988). In the next Section we express notations, basic concepts of large deviation principle
and the method of types. In Section 3 we present a theorem of LDT for Markov chain and results for
hypotheses testing. Some remarks will be presented in section 4.

Preliminaries:
In this paper we use exp-s and log-s at base 2. We also consider the standard convention that :

0 log 0 =0, Olog%:O, alog%zoo if a >0.

In the sequel we present notation of measures of information and some identities and the ideas of the method
of types.
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In this paper finite sets are considered, which are denoted by Xu...... The size of the set X is denoted by |X|.
Random variable (RVS) with value for X,u..... are denoted by X, Y..... probability distributions (PDs) we denote
by Q,P,V,W,PV,POV,...... . Let PD of RV X be P={P(x), x ¢ X}.

The conditional probability distributions of random variable Y for given value X is

V=(N(y|x), xex, Yeu}
The joint PD of RV X and Y is PoV ={PoV(x,y)=P(X\V(y|X), X€E€ x,Y € u}.
And the marginal PD of RV Y is PV ={PV(y)=Y P(X)V(Y|X), ye u}.

Xey

The entropy of RV Y with PD PV is
Hey (Y) == PV(y)log PV(y).

yeu

The conditional entropy of RV Y with PD PV,
Hoy (Y[ X)== 2, P(XV(y[X)logV(y|x),

Xey,Yeu

The informational divergence of PD P and PD Q onis x D(P|| Q) = Z P(x)log ggxi ,
Xey X

And for informational conditional divergence of PD PoV and PD PoW on } X £, where W = {W(Yy| X),
XE Y€ uis

D(PoV || POW) = D(V [|W | P) =

V(yI[X)

P(XV (Y| X)log———

XEZZ,;‘E# W(y|x)
Therefore:

D(PoV [[QoW) = D(P[| Q)+ D(V [[W|P).

The type P for a sequence (or vector) ;(=(X1,....,XN) e yVis a PD P={P(x)= Nle(X|;(),Xe 7},

where N(X|X) is the number of repetition of symbol X among . ) DY

The idea of the method of type is to partition the sets of all N- length sequences into classes according
to its empirical distributions (types).

The joint type of ;(GZN ande ﬂN is the PD {N(X, y| X y)/N, X € ¥X.YE /,l} where N(x,y|;<,§/)
is the number of occurrences of symbols pair in the (X, Y) pair of vectors . In other word, joint type is

the (X, Y) type of the sequence , (X, Y,),(%,V,) ..., (Xy,Yy) from (xx )" . We say that the conditional

type of Y for given X is PD V= {V(Y|X), X€ ¥, Ye u} if N(x,y|;<,§/)= N(x|;<)V(y| X) for
all XE€ Y,Y € 1. The set of all PD on } is denoted by P(y) and the subset of P(y) consisting of

the possible type of sequences X € ¥ N is denoted by PN ( }() . The set of vectors X of type P is denoted
by TPN , (TPN = ¢ for PD P & P (¥)). The set of all sequences Y € /jN of conditional type V for
given X € TPN is denoted by TPNV (Y | X) and called V-shell of X . The set of all possible V-shells X for

of type P is denoted byVN (,u, P).
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The properties of types are formulated below (Csiszar and Korner (1981) and Csiszar (1998) ):
|V (4, P) < (N + 1) (1)

For any conditional type V and X € TPN R

(N +1)"#“ exp {NH pv (Y[ X)) <

Tob (Y %) <exp{NH,, (Y] X)}. @
For any conditional type V and X €T,

(N+1)"“* exp{-ND(V |W| P)} <

Q" (Tay (Y | X)) <exp{~ND(V W | P)}. ©
Let yeT (Y |X), then

WM (Y[ %) = exp{-N(H, (Y| X)+D(V [|W | P))}. @

3. Problem Statement and Formulation of Results:
Let X= (X, X, Xpsueees Xy ) X, € x =1{L2,....,1}, xe y", N =0,1,2,...., be vectors of observed states

of simple homogeneous stationary Markov chain with finite number | of states. The L hypotheses concern
the irreducible matrices of the transition probabilities

R={R(jli), i=Ll, j=LI}, I =1,

The stationarity of the chain provides existence foe each | = 1, L of the unique stationary distributions

Q =1{Q(),i=L1}, 1 =11, such that QMR 1N=Q() 2. QM)=1, i=LI, j=L1I.

We define the joint distributions Q oP ,

QoR ={QOR(i, )=Q(R(jli), i=LI, j=11 } I =1,L.

. 2 . . .
The second order type of vector X the square matrix of | relative frequencies of the simultaneous

appearance on the pairs of neighbor places of the states i and j is {N(i, ))N~', i=L1, j=L1}. It is clear
thatz N(i, )= N. Denote TQ’\(I)P the set of vectors from J N*1 Which have the type such that for some
i

joint probability distribution QOP N, j)= NQMP(j|i), i=L1, j=1,1

Note that if the Vector;( € TQ'\:)P, then
> NG, ) =NQG), i=11,
i
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SING.)=NQO), j=L1.

For somewhat different PD Q, but in accordance with the definition of N (i,j),

INQ)-NQ@M <1, i=11.

Now for N — 00, the distribution Q coincides with Q and may be taken as stationary for conditional
probability distribution P:

YQOP(jIN=Q () j€x

Note that for | = I,_L the probability of X from T.. qop Can be written as . QoR" (X) = QO TR NP

i
We shall use the following definition of the probability of the vector X € }(NH of the Markov chain with

transition probabilities R and stationary distribution(,?| ,

QOR" (x) = Ql(xo)HP(xn\xn) =11,
Q|0F?N(A)EUQ|0F?”(X), Ac ™

xeA

By means of non-randomized test ¢N (X) on the bases of the trajectory X= (Xys Xi5eeees Xy ) Of the N+1
observations, the test accepts one of the hypotheses HI ,I=1L.
Let us denoted a,(/'\g (¢N) the probability to accept the hypotheses in the H condition that the Hm,

m= | , is true. For | = m we denote Otm/m(¢N) the probability to reject the hypotheses H . It is clear
that

al () =D W (gy), m=1,L. (5)

l#m

This probability is called the error probability of the m-th kind of the test ¢N . To every trajectory X the

. . N+L. ... .
determined test ¢N puts in correspondence one from L hypotheses. So the space } is divided into

parts

V= g (0=1}, 1 =1L

and

a,m(#y) =Q,0P.(9), m, LL .

1457



Aust. J. Basic & Appl. Sci., 2(4): 1454-1462, 2008

) 1
Denot B, (4) = ,}}E}C_Nk’g & (P

m, 1 =1,L. (6)

The matrix E={E ., m:I,_L = I,_L } we call the reliability matrix of the tests sequence .

Note that from definitions (5) and (6) it follows that E_, = Ilnin E @)
M

Definition:

The test sequence ¢* :(¢1a¢2,...)is called LAO if for a given family ofE ., E, ,,...E_,, _, , the

reliability matrix contain in the diagonal these numbers and the remained L — L +1 components take the
maximal possible values.

Let P={P(j | 1)} be an irreducible matrix of transition probabilities of some stationary Markov chain with

the set ¥ of states, and Q={Q(i), 1 =1,|} be the corresponding stationary PD.

Let us define the decision rules by the sets

R ={QoP:D(QoP||QoR)<E,}, | =1, L-1, (8)
R ={QoP:D(QoP|QoR)>E,, | =1,L-1}.

And introduce the functions:

Ew*/l(Em)E Ens l=1,L-1,
B n(E) = inf D(QoP|QoR,). m=1,L, l#m l=1L-1,
B m(Bpsen BLy) = onf D(QoP||QoR,), m=1,L-1. ©)

EIT/L(EHI""’ E )= min E|*/L’

I=1,L-1

Theorem 1 :
Let y={1,2,....,1} be the set of states of the finite stationary Markov chain possessing an irreducible

transition matrix P( y4 ) and A be a set of joint distributions QOP such that its closure is equal to the

closure of its interior, then for the empirical distribution QOPN (X) of a vector X from a strictly positive

distributions QmOPm ony :

&lim—ﬁlog Q0PN (x: QoP(x) € A) =

Jdnf D(QOP || QoF,)
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Proof: Let A, = AnP,(x), by the upper bound (3) and (4),

Q0P (QoP(x) e A ) =Q,0Px ( | Taw)
QoPeAy

>, QuOP (Top)< = 2 exp{=N(D(QoP | QoP ,)+0o(1)},

QOP(x) QoP(x)eAy
where 0(1) = max(| N logQ,.(i) |: Q, (i) > 0),
<(N+D)* exp{-N Jnf_(D(QOP||QoR,)+0(1))}.

And also, by lower bound of (3), (4),

QoP(x)eAy QoP(x)e Ay
>(N+1) exp{-N o ipl(lf) (D(QOP[[QOF,) +0(1))} .
0P (X)e

Since ’!Iim N~ log(N —i—l)‘x‘2 =0 ,N —> o0, 0(1) > 0 , also D(QoP||QoP,) is continuous in QOPm ,

the hypotheses on A implies that inf  D(QOP | QOP,) is arbitrarily close to
QoP(X)eAy

inf D(QoP ||QoP,) if N is large. We know that for the set A relation A= Ais true, by using
QoP(x)eA

the charactric properties of infimum, the proof is complete.

Now we explain application of Theorem 1 in hypotheses testing.
With assumption A=R, in Theorem 1 and relations (8), (9) we have

- 1 . . 1
&‘1510— N log o) (#y) = &‘1{){)10— Nlog QoR)(R) =

inf D(QoP||QoP
ol D(QOP|QoR,)

(10)

Using the notation le ~ yzN when g(le) = g(yzN)-I-é‘N , where & — 0, for N — o,
Now using (10) we can write E,, (4")=~ QiIF}fR D(QoP || QoP,) (11)

Therefore the value of:
@ (@)~ exp(-N inf D(QOP||QoR,))
~ exp(-NE, ., (4y))

(12)

In fact the error probability ) /m(¢N) still goes to zero with exponential rate Qigfa D(QoP||QoR,) for
oPe
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QmOPm not in the set of R.

Theorem 2 : Let } be fix finite set a family of different distributions R, ..... , PL the following two
statements hold: if the positive finite numbers E1 J1oreees , EL—I /Ly satisty conditions:

0< El/l < min[ianm D(Qmopm ” QmOH)’ m= 25 L]a (13)
0<E, <mm[E (E,,,) m=LL-1,

inf, D(Q,0R,[Q.0R), M=1+1,L],1=2,L-1,

then:

* * * *
There exists a LAO sequence of tests ¢N , the reliability matrix of which E ={E_ (¢ )} is defined in

(9), and all elements Em /m Of it are positive.

Even if one of conditions (13) is violated, then the reliability matrix of on arbitrary test necessarily has an
element equal to zero, (the corresponding error probability does not tend exponentially to zero).

Proof: First we remind that D(Q,.0P, || Q,0R)>0, for | # M, because all measures P, , | = 1, L., are

%
distinct. Now we prove the sufficiency of the conditions (13). Consider the following sequence of tests ¢

given by the sets

= U Tow. I =LL. (14)
QoPeRM
N
The sets ﬂl , L \ satisfies conditions to give test, by means:

BBy =¢ | =m,

£ £
Now we show that the exponent Em /m(¢ ) for sequence of test ¢ defined in (14) is not less than

E,, . We know from relations (2), (3) and (4),

| Towe I exp{—N;Qa)P(j [iYlog P(j |1)},

And

Q0P (Towe) = exp{—N(D(QOP|| QoP,))}, m=1,L
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According to application of Theorem 1 in hypotheses testing we can write,

arlr\1‘/m(¢*) ~ eXp{_NEm/m} >

and
) (¢") ~exp{-NE (E, )}, | =1L-1, m:T, m= |
(9 )zexp{_NEL/m(EHID' E ) I=LL.

%k
Using (13) and (8) and (9) we can see that all E| /m are strictly positive. The proof of part (a) will be

%
finished if one demonstrate that the sequence of the test ¢ is LAO, that is, at given finite

E| IR |_ 1/L=1 for any other sequence of test ¢
En(@)<Eng), Mml=1L

For this purpose it is sufficie to see that the sequence of tests asymptotically does not became better if the

N . . . o
sets ﬂ will not be union of some number of whole types TQOP In other words, if a test¢
defined, for example, by sets g1 geees gL and, in addition, QOP is such that0 <] g, ﬂ Op\ | Too el
SinceG", nonempty intersection with TQOP(X) , then the test (D will not became worse if instead of

the set G, one takesG DT P(X) Finally we prove the necessity of the condition (13). It is just

now shown that if the sequence of the tests is LAO, then it can be given by sets of (14) form. But the
non fulfillment of the conditions (13) is equivalent either to violation of (7), or to equality to zero some of

* —_—
E| /m &iven in (13), and this again contradicts with (7) because E M=1, L — 1 must be positive.

m/m?

Remarks:

After the change of hypotheses enumeration the theorem remains valid with corresponding changes in
conditions (13) .

Instead of the diagonal elements of the reliability matrix it is possible to give finite values to the one
arbitrary element in each of the first L-1 columns. The assumption of equalities in (9) as equations, and
taking into account the monotone decrease and continuity, when they are finite, of function, defined in (9),

it is possible to find a unique E||I for given Em“ | =1,L—1, . It is not difficult to reestablish the
compatibility conditions, in which matrix E has all positive elements. For further computation of the
reliability matrix elements it will be necessary to replace the infinite values of the obtained by E|||

arbitrary large, but finite ones .
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