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A Variational Iteration Method for Solving the Nonlinear Klein-Gordon Equation
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Abstract: In this paper, variational iteration method (VIM) is presented as an alternative method for
solving the nonlinear Klein-Gordon equation. The method is demonstrated by several examples. A new
technique for choosing the initial approximation of VIM is presented. Comparisons with the exact
solutions reveal that VIM is very effective and convenient.
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INTRODUCTION

It is well known that many phenomena in scientific fields such as solid state physics, plasma physics, fluid
dynamics, mathematical biology and chemical kinetics, can be modelled by nonlinear partial differential
equations. The non-linear models of real-life problems are still difficult to solve either numerically or
theoretically. A broad class of analytical solutions methods and numerical solutions methods were used to
handle these problems (Wang, 1988; Jeffery and Mohamad, 1991; Wadati, 1972).

Our attention will focus on the nonlinear Klein-Gordon equation of the form

W'xt) u,,(x,t) + bu(xt) + gluxn) = f(x1),

(1
u(x,0) = ay(x), u,(x,0) = a,(x),

)
where b is a real number, g is a given nonlinear function, and f is a known function.

The Klein-Gordon equation is one of the more important mathematical models in quantum mechanics
(Whitham, 1974; Zauderer, 1983). The equation has attracted much attention in studying solitons and condensed
matter physics (Caudery et al., 1975), in investigating the interaction of solitons in a collisionless plasma, the
recurrence of initial states, and in examining the nonlinear wave equations (Dodd ef al., 1982). With reference
to the numerical solution for this problem we can see many published papers. Many authors (Deeba and Khuri,
1996; El-Sayed, 2003; Kaya and El-Sayed, 2004; Wazwaz, 2006) used Adomian’s decomposition method for
solving linear and nonlinear Klein-Gordon equations. Inc (Inc, 2006) investigate the special exact solutions of
the modified nonlinearly Klein-Gordon-type equations by using some ansatze, and obtained new soliton
solutions with compact support and solitary pattern solutions having infinite slopes or cusps, solitary wave and
periodic solutions. Wazwaz (Wazwaz, 2006) studied the nonlinear Klein-Gordon equations with power law
nonlinearities, used the tanh method for analytic treatment for these equations. The analysis leaded to travelling
wave solutions with compactons, solitons, solitary patterns and periodic structures.

Another powerful analytical method, called the variational iteration method (VIM), was first envisioned
by He (He, 1998) (He, 1998; 1999; 2000; He, et al., 2004; 2006; 2006; 2006). VIM has successfully been
applied to many situations. For example, He (1998) solved the classical Blasius’ equation using VIM. He
(1999) used VIM to give approximate solutions for some well-known non-linear problems. He (2000) used
VIM to solve autonomous ordinary differential systems. He (2006) solved strongly nonlinear equations using
VIM. Soliman (2005) applied VIM to solve the KdV-Burger’s and Lax’s seventh-order KdV equations. VIM
was employed for solving non-linear coagulation problem with mass loss by Abulwafa ef a/. (2005). Momani
et al. (2006) applied VIM to the Helmholtz equation. VIM has been applied for solving nonlinear differential
equations of fractional order by Odibat et al. (2006). Bildik et al. (2006) used VIM to solve different types
of nonlinear partial differential equations. Wazwaz (2006) used VIM to determine rational solutions for the
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KdV, K (2,2), Burgers’ and cubic Boussinesq equations. Wazwaz, (2006) presented a comparative study
between the variational iteration method and Adomian decomposition method. Tamer ef al. (2006) introduced
a modification of VIM. Abbasbandy (2006) solved the quadratic Riccati differential equation by VIM
incorporating Adomian’s polynomials. Junfeng (2006) applied VIM to solve singular two-point boundary value
problems. Batiha et al. (2006) applied VIM to solve the generalized Huxley equation and in (Batiha et al.,
2006) they employed VIM to the generalized Burgers-Huxley equation.

The purpose of this paper is to apply VIM to find the approximate analytical solution of the linear and
nonlinear Klein-Gordon equation(l), show the effective of the new technique of choosing the initial
approximation. Comparisons with the exact solution shall be performed graphically.

Variational Iteration Method:

VIM is based on the general Lagrange’s multiplier method (Inokuti et al., 1978). The main feature of the
method is that the solution of a mathematical problem with linearization assumption is used as initial
approximation or trial function. Then a more highly precise approximation at some special point can be
obtained. This approximation converges rapidly to an accurate solution (He, 2006).

To illustrate the basic concepts of VIM, we consider the following nonlinear differential equation:

Lu+Nu=g(x), (3)

where L is a linear operator, N is a nonlinear operator, and g(x) is an inhomogeneous term. According to VIM
(He, 1999; 2000; He, et al., 2004; 2006; 2006; 2006), we can construct a correction functional as follows:

Hog(x)=u (x)+ |; AT)[Le, (t)+ ML (t) - g(r)Hr, n =20, (4)
where is a general Lagrangian multiplier (Inokuti et al., 1978) which can be identified optimally via the
variational theory, the subscript n denotes the nth-order approximation, ﬁn s considered as a restricted
variation (He, 1999; 2000; He, ef al., 2004), L&. &L, =10

In order to find the initial approximation, we present a new technique motivated by the standard Adomian
decomposition method (SADM), take the initial approximation as

uy = u(x,0) + 1u,(x,0) + fix) (5)
where the function f{x) represents the terms arising from integrating the source term g(x).
Also by following the idea in modification of Adomian decomposition method (MADM) we suggest

another modification, that the initial approximation u, defined above in (5) be decomposed into two parts,
namely u,, and u,, such that

Uy = Uy, T Uy, (6)
The proper choice of the parts u,, and u,, depends mainly on trial basis.
Analysis of Klein-Gordon Equation:

In this section, we present the solution of Eq. (1) subject to initial conditions (2) by means of VIM. First
we construct a correction functional,

H’n"‘l(x"'r) = I"‘{'n (x..f) + [j A(S)[(M'n)s.s B (I'ln);q.x * bun + g(ﬂ’n) N f]{]S., n2 (}" )

where “u, is considered as restricted variations, which mean “un = 0. To find the optimal (s), we proceed as
follows:

{'iu:—z"‘l (I"i} = "'?H’n (I..f)-l' L?j:; A(S)[(un}.ss - (I’ln}xx + bun i g(u’n} - f}:ls" (8)

and consequently
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Su_, (x.8) =0 (x.0)+3 [D’ A, +bu_ s,

which results

-

Sty (x.2) = S, (x.0)1 = A () + Slas,,), Als) + |

+0

The stationary conditions can be obtained as follows:
1-2(s)=0],, A(s)=0 A($)+DA(s)=0

The Lagrange multipliers, therefore, can be identified as

_ —cos(x/bt ) sin(+/Bs) + sin(fBE) cos(/Bs)
\E ]

s=t, s=t,

Als)

N cos(\'rﬁ;) sin(«.l/.ﬁ;) + sin(vg) cos(\/ﬁg)
b

x[(ae, )y, = (0, )5 ¥ Bre, + 2 (20, ) = f]ds.

Applications:
Example 1:
Consider the linear Klein-Gordon equation (El-Sayed, 2003)

al
th () =10, (r0) + |

un‘ B uu =,
with the following initial conditions:

u(x0) = 1 + sin(x), u(x 0) =10

3 <,
wlz, t) A 3
25
3 Lok
25 2
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1
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Fig. 1: (a) The exact solution (b) The numerical results for u(x¢#) by means of 2-iterate VIM solution.

whose exact solution was found to be:
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u(xt) = sin(x) + cosh(?).
We can take the initial approximation in the form
u, = 1+sin(x).
The next iterate is easily obtained from Eq. (13) where b = -1 and is given by:

. 1 1 -
up = sin(x) + —e'+—e”,

-

Fig. 1 shows the comparisons between the 2-iterate of VIM and the exact solution (16).

Example 2:
Consider the nonlinear Klein-Gordon equation (Wazwaz, 2006)

i~ +u* = 6xr(x” —r2)+x6?‘6*
subject to the following initial conditions:

u(x0) =0 u,(x 0) =0,

whose exact solution was found to be:

ulxt) = x°f.

(16)

(17)

(18)

(19)

(20)

(21)

The classical way to choose the initial approximation is to take #0 = u(x0) = 0. The first iterate is easily

obtained from (13) where b = 0 and is given by:

1

30

3
i, = ﬁya—ﬁx55+x3i3.

Now, by using the new technique which we presented in Eq. (5) we have
- 2 2 L]
glx)=06xt(x" -t )txt,
so that f{x) which is arising from integrating the Eq.(24) is
3.3 3 5 1 6,8
fx)=xt——afb +—x71.
10

56
so, we have

u(x,0) =u(x,0)+ 1, (x,0)+ f(x),
3 1
SN T.ﬁ:ﬁia.
10 50
The first iterate is easily obtained from (13) where » = 0 and given by:
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By using Eq. (6) we can take the initial approximation as

(29)

u(x,0) = x°F.

The first iterate is easily obtained from (13) and given by:

(30)

— 1343
u, =xr,

solution (21) and 1-iterate of VIM

which is the exact solution. Fig. 2 shows comparisons between the exact

using the three different initial approximations namely u,

0, Eq.(27) and Eq. (29).

(B)

ulx, )

(a) The exact solution. The numerical results for u(x#) by means of 1-iterate VIM solution for
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Example 3:
We next consider the nonlinear Klein-Gordon equation [11]

u, u, + u* = -x cost + x’cos’t, 31)
subject to the following initial conditions:
HlerE = B i) =0, (32)
whose exact solution was found to be:
u(x,t) = x cost. 33)
The classical way to choose the initial approximation is to take u, = u(x,0), so that in this example
u, = x. The first iterate is easily obtained from Eq. (13) where b = 0 and is given by:
5 R s Jew (34)
i =——-———*%+xcos t——x"cos" L.
1 4 4
Now, by using the new technique which we presented in Eq. (5) we have
- 2 :
g(x)=—xcost +x° cost, (35)
so, we have
1
(0 = xcosr+zf(r2 —cost+1) (36)
The first iterate is easily obtained from Eq. (13) where b = 0 and given by:
1 1 26
L= xoeosi+—x(t —costf 4+ -—x +—x
4 256 9
Teemstl : 1
+ £ — %" cost- 266 sing - —£x* cost?
g 2 32
1 1 1 1
el piefia  plalae ophoe o0
256 4 192 24 480
1 : 1 : 17
+—txtsintcosi— —x  sint® - — X cost’ 37)
16 4 &
- —x'cost* - —sin#?
2546
Now, by using Eq. (6) we can take the initial approximation as
u(x,0) = xcost (38)

The first iterate is easily obtained from Eq. (13) where » = 0 and given by:

u, = Xcost,

which is the exact solution. Fig. 3 shows the comparisons between the exact solution (21) and 1-iterate of VIM

using different initial approximations.
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Fig. 3: (a)The exact solution. The numerical results for u(xt) by means of 1-iterate VIM solution for
_ 1 2.2 2 _
(b, =cost +£x (2% —cos” £ +1,)(d, = xcost

Example 4:
Consider the nonlinear Klein-Gordon equation (Deeba and Khuri, 1996)

Hy — M,, — 24 = =250 xsint, (39)

with the following initial conditions:

u(x,0)=0, 1,(x,0)=smx, (40)
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and exact solution:
$(x,t) =sin xsint. (41)

The classical way to choose the initial approximation is to take u, = u(x,0) so that in this example u, =
0. The first iterate is easily obtained from Eq. (13) where » = 2 and given by:

1 . (2-/21) . _
;= — —sin x(+f2e Y 2 - 4ginte )t

G

Again, by using the new technique which we presented in Eq. (5) we
= 2sinxsiné—£5mx (42)

The first iterate is easily obtained from (13) where 4 = 2 and given by:

. . . 1 . (2421) . 2
i =2lsmxsmi-smx + 50 5'111):[—\5 +4/2e ~16sin ™) + 13394'2_’]6;( ),
Now, by using Eq. (6) we can take the initial approximation as
ulx, 0 =tsinx (43)

The first iterate is easily obtained from Eq. (13) where b = 2 and is given by:
1 (240 .
. . i - 2y (—f2
My =tsmx — o 21 x[~f 2e — 2 12689 _16¢in £ e o

Fig. 4 shows the comparisons between the exact solution (21) and I-iterate of VIM using different initial
approximations.

Example 5:
Consider the nonlinear Klein-Gordon equation of the form (Deeba and Khuri, 1996)
.—2 —
A 2 _ ‘2 - A r
Hﬁ—Hn—i-TH—HF =X blll: ’ (44)

subject to the following initial conditions:
i
L= G E;&:, (45)
and exact solution:
il
1, £ = x50 Ef. (46)

A simple way to choose the initial approximation is to take u, = u(x,0) so that in this example u, = 0.
The first iterate is easily obtained from Eq. (13)

where & =? and given by: 4

e i x2[2 cosip) — 3cos(m}2 A cos(m)4 + sin(mjl2 * sin{mj2 n::os(m)j],

I
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it

where Wl =—.
2

As before, by using the new technique which we presented in Eq.(5) we have

ozt 1 dcos xt
H(x,n}=7_ﬁ+g[zz+Tsz. (47)

.
u(z,1) (ﬂf'\‘\

Soooososs
i S el P

e

©) wlx, 1) ’(<\

Cia
L

(D)
Fig. 4: (a) The exact solution. The numerical results for u(xt) by means of l-iterate VIM solution for
(b, = 0.(c)uy, = 2sinxsinf —fsinx, (g, =fsinx

The first iterate is easily obtained from (13) and given by:
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s Ef_x_g_l_l_[rg = 2 cos(At)
2 2 4 7
— 480 + 2570 % - 60 P +1920x" cos(n — 60x* costmy®
— 4807 cos(m) + 480 + 9608t sinGm) — 20 ot — 207
— 1207 cosGm) + 207°F — 240 % cos e+ 20" + 9607 sin()
—407%* +180m e it + 127 20 A - 1200 R cos(n

+ 208 — 2405t At cosat + 20T + 960 X sinGm)

1
]xﬂ —%(—1860;{4 +120x*x* — 980

i
where M = —

As before, by using the new technique which we presented in Eq.(6) we have

w0y = %_ (48)

The first iterate is easily obtained from (13) and given by:

1 mtx g )
i = _E{T —E}Z[—{‘rﬁilll{m}ﬂ?z +64 cos(m)x +8cos(m) x
gt XL

+3cos(m) 7't +8sm(m) — 27 cos(m) x +3sin(m) 7't (49)
+6xcos(m) 't —56sin(m)’ x + 6xsin(m ) )L

-H'E
ok

where FH =

—
Fig. 5 shows the comparisons between the exact solution (46) and I-iterate of VIM using different initial
approximations.

Example 6:
Finally, we consider the homogeneous Klein-Gordon nonlinear hyperbolic equation
3
Y ar f—
t, — i, + Pu+yu’ =0, (50)

subject to the following initial conditions:

w(x,0) = Btan(£x), 11, (x.0) = Be K sec’(Kx), (51)
and exact solution:

w(x,t= EBtanl K(x + 1), (52)

where ¢, a, f and y are constants, and

(53)

The classical way to choose the initial approximation is to take u, = u(x,0) so that in this example u, =
B tan(Kx). The first iterate is easily obtained from
Eq. (13) where b = f§ and given by:
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1, = Btan(Kx) + Bsin(Kx)(2a K* cos(,[6t) + By cos(,/6t)
+ 8 cos( Ex) cos{\/ﬁ} - Bg}*cﬂs{\@}cos{h}j
-2a K -:t:r.fsl[\fﬁjll2 + BE;V siullf-\j'fﬁ}2 cos(kx)’

(54)
-2aK* siul[\j"E}2 — Bcos(ix)® cos(y/ 8t )
— S cos(Kx)? silli\/ﬁf — By cos(+/ 8t )
+ By cns{\/ﬁ}z cos(Kx)* — By cos{\/ﬁ)z cos(Ex)® 8.
As before, by using Eq.(5) we have
ulx, 0 = Btan( )+ Be Kt sec{ K. (55)

The first iterate is easily obtained from (13) and given by:

u, = Btan(Kx) + BeKtsec( Kx)® - B(38MDB2 cos(f &) ¥ sin(Kx)c K262 cos(Kx)
+ 38082 sin ([ @) y sin(Kx)e K cos(Kx)
-3 8 B sin(\f8) yek cos(in)® - 8NP B cos(\[ G ysin(Kx) cos(Kx)
+ BB B sin(f8e) ysin(Kx) cos (Kx)® — 2807 cos(yf A ak” sin(Kx) cos(Kx)
- gilE ga cos(ﬁj yan(Kx) cos(Kx)® + 3850 57 EOS(\/{E)}”SW- (Kx)e K? cos(Kx)
+ U B2 o [BE )y sin(K) cos(Kx) -6 8P B sin(fBe) yo> K
- 380 B cos(of B vekt cos(Kx)* - BB sin(\[8)? ysin(Kx) cos(Kx)
+6 8 B sin(\[80)y K + 38 B sin ([ 8 ) yek cos(Kx)*
— 6 gom g COSW‘E;.E yer K3t + GOV gl ms(ﬁf}»sm(ﬁx} cos(Kx)?
+2 80 cos f 8 @kt sin(Kx) cost Kx) + 38M VB cos\J @) ye Kt cos(Kx)’
+2 80D gin (S 8) @K sin( Kx) cos(Kx) + 385 sin(\f86)? sin( Kx) cos(Kx)’
- 6 8 sin(of80) @K cos(Kxn)? - £ sin(\[e)ek cos(Kx)*
+ 3808 sin (f80)? ye Kt cos(Kn)® - 384V B sin () yekt cos(Kx)*
= B cos( fBE)sin(K7) cos (Kx)® +4.8° sin([BE)@kc cos(Kx)*
+ gD cos(ﬁjj sin (&x)cos(Kx)” + gH35° Eos(ﬁ)j el Kt
+ 88D sing [8) e Kecos(Kx)t + S8 cos( J) ekt cos( Kn)*
+ § giva cos(ﬁjgﬁrﬂf%.ﬁ cos(Kx)* — 48418 Siﬂ(\/ﬁjza*@d cos(Kx)*

3886



it i ]
R e

Aust. J. Basic & Appl. Sci., 3(4): 3876-3890, 2009

(A)

)

©)

(D)

Fig. 5: (a) The exact solution. The numerical results for u(x#) by means of 1-iterate VIM solution for
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Fig. 6: (a) The exact solution. The numerical results for u(xt) by means of l-iterate VIM solution for

(g, = Btan(Ex), (e, = B tan( £+ Bekt sec’ (k) where B = 0.516497, £ = 0426401,
L W R

+6 g sill(\@)z a K et cos(Kx)?

-6 8% B cas(@)g y sin( Kx)c? 2 cos(Kx)

—4 gt ms(ﬁ}j x K ctcos(Kx)' -6 8% B siu{JE]l2 ysinf Kx)e® K* cos(Kx)
+,8E1 YD g ::_;iu(\[ﬁ}j e, K333} .:“ccrs(fix}'s ﬁclmj.

Fig. 6 shows the comparisons between the exact solution (52) and 1-iterate of VIM using different initial
approximations.

Conclusions:

In this paper, the variation iteration method (VIM) has been successfully employed to obtain the
approximate analytical solutions of the Klein-Gordon equation. the new technique for choosing initial
approximation has been showed effectively and more raped convergent series solution. Comparisons with the
exact solution reveal that VIM is very effective and convenient. It is shown that VIM is a promising tool for
nonlinear partial differential equation.
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